_L' \ L\-tnonical quantization is applied in an unan1b1guous \Yay to a non-abelian gauge field under a conclitwn of the Coulomb gauge. The ambiguity with respect to the order of quantized field variables is avmded by performing a transition from the classical to the quantu•n tlle<Jry before removmg the constramt imposed on the slate Yectors. The constraint which causes a brg trouble with the vwlation of the umtarity of the S-matrix is trandormed into a ,nn:Jle one which shows that the physical state vectors should be functionals of the transveroa1 field variables. The Hamiltonian derived after this transformation becomes a co:nplicakcl functional of the transversal fields.
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the classical to the quantum physics at least vvhen we deal vvith classical linear fields having a non-singular Hamiltonian. If the field equations are, however, non-linear, namely, the coefficients of time-derivatives of field variables in the field equations depend upon the field variables, an ambiguity always occurs vvith respect to the order of field operators when vve try to quantize this system. This ambiguity is one of the obstacles vvhich make it difficult to apply the conventional method of quantization to the non-abelian gauge fields. It is seen, howeYer, that this ambiguity prohibits also applications of both Feynman's and DeWitt's methods of quantization in an unambiguous vvay.
Besides the ambiguity mentioned above, the gauge invariance of the action integral gives rise to the well-known mathematical difficulty. Namely, it is impo';-sible to define a canonical set of i11dependent field variables owing to some functional relationship between canonically conjugate momenta. In order to apply the method of canonical quantization to the gauge fields, this relationship is treated as the constraints imposed on the state vectors. These constraints, however, cause another trouble connected with the violation of unitarity of the S-matrix. Because of these difficulties, almost all the articles so far published which were founded on the canonical quantization are more or less unsatisfactory and cannot be compar- The aim of the present paper is to present a reliable quantum theory of a non-abelian gauge field based on the canonical quantization and to inv-estigate the equivalence o£ the traditional method of quantization with other two fonTlalisms.
The follmving is the outline of our approach. \Ve begin vvith the familiar classical Lagrangian (2 ·1). In course of transition from the classical to the quemtum theory we do not hav-e any ambiguity at all with respect to the order of operators. The difficulty of the \-anishing canonical conjugate momenta is av-oided by introducing to the Lagrangian a new additional term with a Lagrangian multiplier rf;a. In order to eliminate this additional field some constraints are imposed on state v-ectors. By means of a non-singular operator, the abov-e-mentioned constraints are transformed into new ones which show that the physical states depend only upon the transversal components of field variables. Corresponding to the transformation stated above, the total Hamiltonian changes its form into a complicated one which is expressed as a sum of spatial multiple-integrals of non-local and non-linear functions of the transversal components.
The unitary S-matrix can be easily derived in a form of a series of the Tpruclucts of the interaction Hamiltonian. The non-linearity of the Hamiltonian gi\-es rise to some singular extra terms when the T-products are decomposed by \\Tick's theorem. These extra terms, however, can be absorbed by a change of the coefficients of some particular terms of the Hamiltonian together with an addition of Downloaded from https://academic.oup.com/ptp/article-abstract/55/5/1631/1925315 by guest on 07 January 2019 a new singular term to the Hamiltonian. This new term corresponds to a set of dosed loops and is nothing but the De Witt term.
The result obtained in the present article seems to suggest that there may be some inequivalence between the method of quantization of the canonical form and that of Feynman and, propably, that of De \Vitt, when these methods are applied to non-abelian gauge fields.
The Lorentz-invariance of the whole theory and the discussion on the renormalization will be investigated in other places in the near future. § 2. Classical Lagrangian and quantization c/Ja->rPa
provided that the infinitesimal arbitrary function Aa (.r) satisfies
The gauge invariance of I leads to the relation (2. 4) which can also be derived directly from (2 · 2) and the identity
The explanations or the definitions of the notation are g1ven m Appendix l. About the indices used above, cf., (a) 
ax"!
From no\v on, all the quantities in the present section are assumed to be Heisenberg operators governed by the commutation relations written above.
The Heisenberg equations deri,·ed from (2 · 7) are transformed into the follow-
Since the identity (2 · 5) holds also m the quantum theory, the operator equation (2 · 8) gives the equation
(2 · 8) and (2 ·10) show that IT0° in the quantum theory just corresponds to the r/Jn in the classical theory. Therefore it is necessary to impose the following constraints on state vectors at t = 0:
These constraints*) are the quantum counterparts of the classical constraints (2 · 6).
It is inevitable to imp~1se these constraints in order to guarantee the Jmsiti\·c definite- 
. Constraints and gauge condition
In the present section and § 4 we shall employ the Schrodinger representation for the sake of convenience. Therefore the constraints (2 ·11) and (2 ·12)' are replaced by
It may be needless to notice the compatibility of these constraints with the Schrodinger equation:
where the total Hamiltonian H is *l There Is no contradiction bet\vcen these constraints and the cOITI111Uiation relatlons. Cf.)
Appendix Ill.
(3·3)
Let it be assumed that the operator "ln. a (x) is giYen a diagonal representation.
Then, (3 ·1) can be written as 
Let us give a diagonal representation to the operator Aa (x) and define the operator T as follows:
\vhere the follo·wing notation has been employed:
By making use of (3 · 6) and (3 · 7). the constraints (3 ·1) and (3 · 2) are transformed into the follo·wing ones: Proof of (i): The operaotr (Sa (x) defined by (3 · 6) satisfies the following commutation relation: 
The first term of the right-hand side of the abO\"e relation vanishes clue to (3 · 2), \\'hile the second term also vanishes £or the same reason because the co1nmutator 1s decomposed into a sum of (~) ·1) and (3 · 2)
The above result giyes us a convenient recipe for obtaining H'. In the computation of T-1 HT, \la and 11a 0 should be moved rightwarcls so as to make it possible to employ the constraints (3 · 8) and (3 · 9) After such moYcments and iiher the constraints hm·e been used. /1a and "lo.a still left in the Hamiltonian should be put equal to zero. The result thm; obtained is the Hamiltonian we desired. § 4. Physical Hamiltonjan
The prescription stated in the end of the pre\·ious section enables us to obt21in a concrete expression of H' e\·en though we do not have a CO!Ilplete kno\declge of the solution of (3·6). Let us also expand Ka(x) into a power senes with respect to Aa. Then Eq. (3 · 6)' is rewritten in a form of a power series:
Let us put
where Ka <n> IS a polynomial functional of A of the n-th order. ( 4 · 3) gives
The commutation relation (3 · 5) and Eqs. ( 4 · 4) and ( 4 · 5) change the right-hand side of (4·2) into the following form:
where qkl,a stands for The Hamiltonian derived above is, however, not hermitian and cannot be accepted as a physical Hamiltonian. This unwanted result is due to the fact that Ka(x) is not hermitian and T is a non-unitary operator.
In order to recover the hermitian property of the Hamiltonian let us transform ?f!'(t) again into ?J!"(t) by a non-singular operator:
where M is assumed to be an hermitian operator and to depend only on the transversal vector ak,a·
Corresponding to ( 4 · 7), the Hamiltonian is changed into 
If 1\1 is chosen as to satisfy The solution of this equation is
or IS \vritten in an abbreviated form as follows:
To obtain the solution ( 4 ·13), some care should be taken in the singular feature of the right-hand side of ( 4 ·12) which is closely connected with the following relations:
Substituting the solution ( 4 ·13) for the second term of ( 4 · 8) ", we have the following final expression:
The fact that the resultant of T and exp · M transforms H into an hermitian Hamiltonian H" does not necessarily indicate the unitarity of this operator, but in the present case this resultant is shown to be really a unitary operator in the physical Hilbert space. (Cf., Appendix II.) § 5. S-matrix
The S-matrix of the present system is easily derived by following the wellknown procedure. For this purpose let us introduce the interaction representation. The Tomonaga equation of the state vector X (t) in the interaction representation The S-matrix is written in terms of the ordinary T-product of Hint in the following form:
The unitarity of the S-matrix given above is self-evident because of the Tomonaga equation and the fact that no constraints are imposed on X ( t) which is a functional of ak, a (X) alone.
The fact that Hint is a quadratic functional of r:/ gives rise to the well-known trouble in computing the T-products. This trouble comes from the singular term on the right-hand side of the relation below:
Lee and Y ang 3 ) showed that the contributions from this singular term to the S-matrix can be eliminated by a suitable modification of the coefficients of the terms having the lcak's in the interaction Hamiltonian and an addition of a strange singular term to the Hamiltonian.
In our case, the Hamiltonian Hint should be replaced with the following one:
The theorem of Lee and Yang shows that the S-matrix g1ven by (5 · 3) 1s equivalent to where the operator T* is identical with the conventional T with one exception that T* is defined to satisfy
The last singular term on the right-hand side of (5 · 5) is nothing but the De Witt term in the Coulomb gauge.
It may be interesting to compare the present result with those already published. Fradkin and Tyutin'l also derived the physical Hamiltonian. They eliminated the redundant fields from the Hamiltonian under the condition of the Coulomb gauge within a framework of the classical canonical theory. Their expression of the Hamiltonian differs from our expression ( 4 ·14), even if the differences due to the order of operators were ignored. This difference is caused by the fact that an important quantum effect was missed in course of the elimination of the redundant components.
Let us suppose that a transformation similar to ( 4 · 7) is performed in order to make their Hamiltonian be an hermitian operator. Then their interaction Hamiltonian (3 · 33) is given two additional terms by this transformation. Their resultant Hamiltonian expressed in terms of our notation is what is given by simply replacing all the Q"k's in (5·1) by gR"k (cf., (f) in the Appendix). The difference B"k = Q"k-gR,/ ( cf., (f) in the Appendix) which represents some quantum effects, has never appeared in any classical theory. It may be impossible to remove the disagreement bet\veen (5 ·1) and the Fradkin-Tyutin Hamiltonian by devising a clever rearrangement of the non-commutable operators in the Hamiltonian.
The disagreement stated above also suggests that our S-matrix (5 · 3) will probably differ from that which will be given by the method of Popov and Faddeev under the condition of the Coulomb gauge.
In order to observe the relationship between our result and that derived from Feynman's method of quantization, let us obtain the q-number Lagrangian corresponding to the physical Hamiltonian ( 4 ·14). For The interaction part of the above Lagrangian is written in an abbreviated form as follovvs:
By making use of this result, the modified interaction Hamiltonian!}-( is rewritten as
The last term of the above expression is due to the non-commutability of the operators and has never appeared in other papers. The result obtained above suggests that the S-matrix which will be g1ven by Feynman's method of functional integration under the condition of the Coulomb gauge may be also different from our expression given by (5 · 3). As to these comparisons, a detailed explanation will be given in other papers by one of the present authors. !' __ 9 2 S (k, a, xi1Vil, a, X IJf" (t) = exp {-i (t-t 0 ) H" /h} ·IJf" Cto).
Using this relation, we have These relations justify our interpretation that IJf" is a physical probability amplitude.
